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Computer-aided modeling of superconducting striplines with ground
planes using critical state models
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The effect of ground planes on the current-induced critical states and flux penetration for a thin
superconducting strip carrying a microwave current has been calculated numerically. The nonlinear
response represented by the dependence of the surface resistance and reactance were also calculated.
We find that when the distanced between the ground planes is smaller than the widtha of the strip,
i.e., d<a, the ground planes affect the nonlinear response significantly. In particular we study the
effects of ground planes placed at a distanced5a/5. We compare and contrast these effects with the
results of similar models without the ground planes. The ground planes reduce the current crowding
at the film edges, thus reducing the nonlinearities arising from critical state flux motion. The
numerical procedure can be incorporated into computer-aided design of superconducting microwave
circuits. © 2001 American Institute of Physics.@DOI: 10.1063/1.1389339#
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I. INTRODUCTION

High temperature superconductors have the potentia
replace normal metals for passive microwave structures
to their extremely low surface resistance.1–4A key feature of
the high temperature superconductors is the inherent no
ear response at microwave frequencies, which is present
a wide range of input powers.

The current-driven critical state model4 has proven to be
particularly useful not only because it fits experimental m
surement of the surface resistanceRS over a wide range of
temperature and power levels,5 but also because its usefu
ness extends to modeling hysteretic losses in supercond
ing transmission lines.6

Unfortunately these models can be worked out anal
cally only for very idealized geometries,4 and most existing
computer-aided design~CAD! software does not take int
account the inherent nonlinearities of superconductors. T
device design using hard superconductors demands num
cal handling of these nonlinearities. Numerical solutions
nonlinearities based on Ginzburg–Landau theory have
ready been formulated and analyzed.7,8

In hard superconductors, the presence of lattice def
prevents free entry or exit of vortex lines, and the obser
magnetization is highly irreversible and dependent on
specimen size. For exactly the same reason, the hard s
conductors can sustain large transport currents in contra
the ideal type II superconductors. To relate these two asp
quantitatively, Bean9 proposed the well known ‘‘critical-
state’’ model. In this model, the hard superconductors
treated as a perfect conductor until the current densityJ in-
duced in the specimen reaches a certain critical current

a!Electronic mail: srinivas@neu.edu
2910021-8979/2001/90(6)/2915/4/$18.00
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sity Jc . The critical state is specified by the conditionJ
,Jc everywhere.

The critical state model was first solved by Bean for t
geometry of a semi-infinite slab where the field was appl
parallel to its face. The geometry where the field is appl
perpendicular to a thin strip was solved relatively recently
several groups and the field and current distribution10,11 and
the surface impedance from hysteretic loss4 was obtained
analytically.

Our aim is to develop a numerical paradigm that can
used for designing devices using hard superconductors
this article we demonstrate that such solutions are possi6

and are conveniently extendable by adding additional circ
elements into the system. We solve a system consisting o
infinite superconducting strip surrounded by ground pla
made of perfect conductors on both sides of the superc
ducting strip, including flux penetration due to a curren
induced critical state in the superconducting strip. We obt
the flux penetration depth, current and field profiles, and s
face impedance of this system and compare them with
scenario with no ground planes.6 We observe that in genera
the presence of ground planes reduces the flux penetra
depth and hence the surface impedance of the stripli
Thus we are able to successfully treat a nearly realistic
ometry within the critical state model for which analytic s
lutions are not available and are expected to be impossi

II. SUPERCONDUCTING STRIPLINES

Consider a stripline with two ground planes of infini
width at a distanced from the central conductor. Thes
ground planes together will then carry a current in the op
site direction and hence complete the circuit. The geome
of the center superconductor, the ground planes, and
choice of axes are shown in Fig. 1.
5 © 2001 American Institute of Physics
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FIG. 1. ~Top! Cross section of the circuit system consisting of the central superconducting strip and the two ground planes surrounding it.~Bottom! Field B
and currentJ profiles in the central conductor and in the ground planes forb/a50.8.
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The generic critical model we intend to solve assume

~1! uJ(x,y)u<Jc where J(uxu.b)5Jc with Jc being the
critical current density.

~2! The magnetic inductionB(x50,y)50 for uyu<b<a.

Further, the current density averaged over the thicknesJ
5J(y) k̂ wherek̂ is a unit vector along thez axis.

We numerically investigate this model along with th
ground planes. The effects of ground planes depend on
distance from the central conductor. We find that the effe
of ground planes on current patterns are small~,0.1%! for
d>1.5a but are significant ford,a. For this reason we
chosed50.2a, so we can study the influence of groun
planes. Interestingly, we find that ground planes amplify
nonlinearity in these kind of models.

We emphasize that conditions~1! and ~2! lead to a hys-
teresis law that is unchanged under the addition of
ground planes. As expected, the current profiles in
ground planes also display hysteretic patterns due to
presence of the superconducting central conductor.

The problem with the striplines that we consider he
can be specified by the following conditions.

~1! Inside the superconducting strip of width 2a and
thickness 2d (uyu<a,uxu<d), we have

J5Jc for b<uyu<a,
~1!

Bx50 for x50 and uyu,b.
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~2! In the region between the ground planes and outs
the central superconductor, there is no current:

J50 for d,uxu,d and uyu.a. ~2!

~3! At the surface of the ground planes atuxu5d we
have the standard boundary conditions for a perfect su
conductor:

Bx~ uxu5d!50 and By~ uxu5d!5m0Js , ~3!

whereJs is the surface current in the ground planes.
Due to the rectangular symmetry of the problem o

needs to solve this problem only in the first quadrant. We
the standard simultaneous over reduction routine to find
solution of the equation¹2A52m0J over the region 0,x
,d and 0,y,a with the boundary conditions onA
5A(x,y) k̂ given by

A~d,y!5A~x,a!50,
~4!

A~2x,y!5A~x,y!5A~x,2y!.

One can then use an iterative algorithm similar to the o
described in Ref. 6 with the additional boundary conditi
Eq. ~4! to solve for current profiles and magnetization insi
the superconductor. The surface current through the gro
planes is then given by

Js~y!52m0
21]xA~x,y!ux5d . ~5!
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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We calculate the flux penetration depthL/a[12b/a
for the current-carrying strip. In Fig. 2 we display the flu
free region (12L/a)5b/a as a function of the applied cur
rent I /I max for d/a51% and compare that with the resul
for the no-ground plane scenarios.

Figure 3 shows the corresponding current and field d
tributions. One can see from Figs. 2 and 3 that the pene
tion law becomes more nonlinear and the current densit
the field free region increases as the spacing between
stripline and the ground planes decreases. These result
expected, since the ground planes force the normal com
nent ofB to be very small~near zero! on the surface of the
strip. These results can then determine the current crit
states and the corresponding magnetic field distribution
ac currents with a peak current ofI 0 .

Any Bean-like model, with a critical currentJc such that
J<Jc everywhere, will follow the specific Hysteresis law6

J↓~y,I ,Jc!5Jmax~y,I 0 ,Jc!2J↑~y,I 02I ,2Jc!. ~6!

This is because, when the current is reversed, after reac
the peakI 0 , the current density starts to decrease from
edges with an effective critical current density in the opp
site direction of 2Jc . In Fig. 4 we display the field and
current profiles in the central conductor and the ground pl
for a complete cycle with a peak transport currentI 0 /I max

50.79: The transport currentI T is given byI T5I 0 cos(vt).
We further investigate the effects of ground plane on

resistanceR8 and the reactanceX8 per unit length. This can
be calculated numerically using11,6

R85
R

l
5

2n

Jcd
S I max

I 0
D 2E

1

21
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dS y
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3E

b~ I 0!/a
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a
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d
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FIG. 2. Length of flux-free region (b/a) in three different scenarios. Supe
conducting strip with ground planes ford/a50.2 ~dot-dash line!, analytical
solution ~Ref. 11! for a strip of zero thickness without ground plan
~dashed line!, and numerical solution of a thin stripline without groun
planes~solid line!.
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Figure 5 displays the surface reactanceR8 andX8 as a func-
tion of the peak current,I 0 /I max. Interestingly these graph
show that the presence of the ground planes scales down
value of bothR8 andX8 by a constant factor for all values o
I 0 /I max.

III. CONCLUSION

In this article we present the exact effects of grou
planes on the microwave response of a superconduc

FIG. 3. The current profile~top! in the central superconducting strip
~middle! in the ground planes, and~bottom! the field profiles at the cente
conductor location, forI /I max50.093, 0.393, 0.614, 0.785, and 0.960.
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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stripline using numerical calculations. The results, which
valid in the limit of strip thicknessd ! strip width a, ap-
proach the numerical results of Ref. 6 and the analyt
results4 as we move the ground planes to infinity. We fin
that for a separationd/a50.2, the presence of the groun
planes leads to strong effects on the penetration law of
critical state model. The ground plane reduces the cur
crowding at the film edges, because the ground planes
to spread out the currents in the film. This minimizes t
losses due to the critical states for small values of curr
(I /I max), and correspondingly reduces the surface resista
by an order of magnitude. Interestingly though, the shape

FIG. 4. The field and current profiles in the central conductor and
ground plane for a half cycle fromI 0 /I max50.79 to I 0 /I max520.79. ~Top!
Surface currents in the ground planes.~Middle! Current profile in the center
of the central conductor.~Bottom! Field profiles in the central conductor.
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the surface resistance~reactance!, Rs(Xs) vs I /I max plot does
not change significantly, and is effectively scaled down b
nearly constant factor, confirming that the results of Ref
hold true even in the presence of ground planes.

The calculations and results presented here demons
that numerical calculations are feasible for realistic dev
structures using the hysteretic critical state model. This
proach can be implemented into a computer-aided de
framework for the design of passive superconducting mic
wave components.
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FIG. 5. Dependence of resistanceR8 and reactance (X8) on total current for
a system of stripline with ground planes~solid lines, left axis!, and without
the ground planes~dashed lines, right axis!.
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